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1. INTRODUCTION
1 1 p qIf a , b ) 0, p ) 1, q s 1, and 0 - Ý a - ‘, 0 - Ý b - ‘,n n n n n np q
Ž w x.then the famous Hilbert’s inequality see Hardy et al. 1 is given by
1rp 1rq‘ ‘ ‘ ‘a b pm n p q- a b . 1.1Ž .Ý Ý Ý Ýn nž / ž /m q n sin prpŽ .ms1 ns1 ns1 ns1
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This is a slightly sharper form of the inequality
1rp 1rq‘ ‘ ‘ ‘a b pm n p q- a b , 1.2Ž .Ý Ý Ý Ýn nž / ž /m q n q 1 sin prpŽ .ms0 ns0 ns0 ns0
Ž .where the constant factor prsin prp is the best possible.
Ž . Ž .Inequalities 1.1 and 1.2 have been proved in many different ways and
Ž w x w xthey have varied applications see Hardy et al. 1 and Kuang 2 and
w x.references cited in 1, 2 .
w xRecently, Hsu 3, 4 first introduced the weight function in the form
Ž .p s q s 2
p
v r , n s y f r , n , f r , n ) 0 1.3Ž . Ž . Ž . Ž .
sin p p
Ž .and replaced the right hand side of 1.1 by
1rp 1rqp p
p qy f q , n a y f p , n b . 1.4Ž . Ž . Ž .Ý Ýn n½ 5 ½ 5sin prp sin prpn n
w x Ž . w xGao 5, 7 gave some improvements of 1.3 . Later Gao and Yang 8, 9
Ž .found the best possible value of f r, n ,
1 y c
f r , n s ,Ž . 1y1r rn
w xwhere c is the Euler constant. Yang and Debnath 10 prove that
1
f p , n s .Ž . 1r q y1r p2n q n
Ž . Ž . Ž .The similar estimate of f r, n in 1.3 corresponding to 1.2 can be found
w x w xin Gao 11 and Yang 12 .
w xYang and Debnath 13 proved that
‘ ‘ a bm nÝ Ý lm q n q 1Ž .ms0 ns0
1rp1yl‘p y 2 q l q y 2 q l 1
p- B , n q aÝ nž /½ 5ž /p q 2ns0
=
1rq1yl‘ 1
qn q b , 1.5Ž .Ý nž /½ 52ns0
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1 1Ž .where B u, ¤ is the beta function, a , b G 0, p ) 1, q s 1, 2 yn n p q
 4 ‘ Ž .1yl p ‘ Žmin p, q - l F 2, and 0 - Ý n q 1r2 a - ‘, 0 - Ý n qns0 n ns0
.1yl q1r2 b - ‘.n
w x ‘ 2Ingham 14 has proved that if a G 0, 0 - Ý a - ‘, l ) 0, thenn ns0 n
‘ ‘ ‘a am n 2F M l a , 1.6Ž . Ž .Ý Ý Ý nm q n q lms0 ns0 ns0
where
prsin lp , 0 - l F 1r2
M l s . 1.7Ž . Ž .½ 5M 1r2 s p , l ) 1r2Ž .
In this work, it is interesting to consider the double series with two
parameters,
‘ ‘ a bm n
, 1.8Ž .Ý Ý tm q n q 2lŽ .ms0 ns0
Ž .and find the corresponding beta function B u, ¤ , which depends on
t, l, p, q.
The major objective of this paper is to formulate a new inequality
related to the general series
‘ ‘
K m q l, n q l a b , 1.9Ž . Ž .Ý Ý m n
ms0 ns0
Ž .with 1.8 as a special case.
Our main results can be stated as follows:
1 1 ‘ ŽTHEOREM 1.1. Let a , b G 0, p ) 1, q s 1, 0 - Ý n qn n ns0p q
.1y t p ‘ Ž .1y t q  4l a - ‘, 0 - Ý n q l b - ‘ 1r2 F l F 1r2 min p, q , and letn ns0 n
Ž . Ž .K x, y be a nonnegati¤e and homogeneous function of degree yt t ) 0 . If
Ž . Ž . Ž .n Žn.Ž .K 1, y has its first four deri¤ati¤es continuous on 0, ‘ , and y1 K 1, y
Žm.Ž . y2 l r rG 0 for n s 0, 1, 2, 3, 4, K 1, y y “ 0, y “ ‘ for m s 0, 1,
‘
y2 lr rI r , l s K 1, u u du - ‘, r s p , q , 1.10Ž . Ž . Ž .H
0
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then
‘ ‘
K m q l, n q l a bŽ .Ý Ý m n
ms0 ns0
1rp‘
1y t p- I q , l y f q , m , t , l m q l aŽ . Ž . Ž .Ý m½ 5
ms0
1rq‘
1y t q= I p , l y f p , m , t , l m q l b , 1.11Ž . Ž . Ž . Ž .Ý m½ 5
ms0
where
f r , m , t , lŽ .
1y2 lrrl l 1 1 1
s K 1, y 1 q½ž / ž / ž /m q l m q l 1 y 2lrr 2l 3r
1 l
y K 9 1, ) 0, 1.12Ž .5ž /24l m q l m q lŽ .
and r s p, q.
Remark 1. When 0 - l - 1r2, Theorem 1.1 fails. But we have the
following result:
Ž .THEOREM 1.2. Suppose that p, q, a , b and K x, y are defined as inn n
Theorem 1.1. If l ) 0, then
N N
K m q l, n q l a bŽ .Ý Ý m n
ms0 ns0
1rpN
1y t p- I q , l y g q , l m q l aŽ . Ž . Ž .Ý m½ 5
ms0
1rqN
1y t q= I p , l y g p , l m q l b , 1.13Ž . Ž . Ž . Ž .Ý m½ 5
ms0
where
‘
y2 l r rg r , l s K 1, u u du, r s p , q. 1.14Ž . Ž . Ž .H
Ž . Ž .Nq2 l r mql
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Ž .Remark 2. When N “ ‘, 1.13 reduces to the inequality
‘ ‘
K m q l, n q l a bŽ .Ý Ý m n
ms0 ns0
1rp‘
1rp 1rq 1yt p- I q , l I p , l m q l aŽ . Ž . Ž .Ý m½ 5
ms0
1rq‘
1y t q= m q l b . 1.15Ž . Ž .Ý m½ 5
ms0
Ž . Ž .Remark 3. If we replace the exponent 2lrpq in 3.4 below by
Ž .  42 y t rpq, where 2 y min p, q - t F 2, we can similarly prove that
N N
K m q l, n q l a bŽ .Ý Ý m n
ms0 ns0
1rpN
1y t p- I q , t y g q , t m q l aŽ . Ž . Ž .Ý 1 1 m½ 5
ms0
1rqN
1y t q= I p , t y g p , t m q l b 1.16Ž . Ž . Ž . Ž .Ý 1 1 m½ 5
ms0
and
‘ ‘
K m q l, n q l a bŽ .Ý Ý m n
ms0 ns0
1rp 1rq
- I q , t I p , tŽ . Ž .1 1
=
1rp 1rq‘ ‘
1y t 1ytp qm q l a m q l b . 1.17Ž . Ž . Ž .Ý Ým m½ 5 ½ 5
ms0 ms0
where
‘ K 1, uŽ .
I r , t s du - ‘, 1.18Ž . Ž .H1 Ž2yt .r ru0
‘ K 1, uŽ .
g r , t s du. 1.19Ž . Ž .H1 Ž2yt .r ruŽ . Ž .Nq2 l r mql
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Ž . Ž .yt Ž .In particular, when K x, y s x q y , l s 1, 2, inequality 1.17 leads
Ž . w xto 3.1 in Yang and Debnath 13 . In Section 4 we discuss some applica-
tions.
2. SOME LEMMAS
For the proof of the above theorems, we need two lemmas:
Ž .LEMMA 2.1. Let f ha¤e its first four deri¤ati¤es continuous on 0, ‘ and
Ž .n Žn.Ž . Ž . Ž . Ž . Ž .y1 f x G 0 n s 0, 1, 2, 3, 4 , and f x , f 9 x “ 0 x “ ‘ ; then
‘ ‘ 1 1
f k - f x dx q f 0 y f 9 0 . 2.1Ž . Ž . Ž . Ž . Ž .Ý H 2 120ks0
ŽProof. By the Euler]Maclaurin summation formula see Xu and Wang
w x.15, p. 88 , we have
N 1 1N
f k s f x dx q f N q f 0 q f 9 N y f 9 0Ž . Ž . Ž . Ž . Ž . Ž .Ý H 2 120ks0
1 N Ž4. w xq f B y B x y x dx , 2.2Ž .Ž .Ž .H 4 424 0
Ž .where B , B x are the Bernoulli numbers and the Bernoulli polynomials,k k
Ž w x.respectively. Since B s y1r30 and the sign of B y B x y x is the4 4 4
same as B , hence we obtain4
N 1 1N
f k - f x dx q f N q f 0 q f 9 N y f 9 0 .Ž . Ž . Ž . Ž . Ž . Ž .Ý H 2 120ks0
2.3Ž .
Ž . Ž .Let N “ ‘; 2.3 implies 2.1 . The lemma is proved.
Ž .Remark 4. Lemma 2.1 shows that 2.1 holds under weaker conditions
w xon f than those in 13 .
Ž .LEMMA 2.2. Suppose that K x, y and l are as in Theorem 1.1, r ) 1.
Define a weight function v by
‘
2 lrr y2 lrr
v r , m , t , l s m q l K m q l, n q l n q l ; 2.4Ž . Ž . Ž . Ž . Ž .Ý
ns0
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then
1y t
v r , m , t , l - m q l I r , l y f r , m , t , l , 2.5Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž .where I r, l and f r, m, t, l are gi¤en by 1.10 and 1.12 , respecti¤ely.
Ž . Ž .Ž .y2 lr rProof. Let f x s K m q l, x q l x q l ; then, by Lemma 2.1,
we have
‘
2 lrr
v r , m , t , l s m q l f nŽ . Ž . Ž .Ý
ns0
‘1y t y2 l r r- m q l K 1, u u du y c r , m , t , l ,Ž . Ž . Ž .H½ 5
0
2.6Ž .
where
Ž .lr mql y2 l r rc r , m , t , l s K 1, u u duŽ . Ž .H
0
1y2 lrrl 1 1 l
y q K 1,ž / ž / ž /m q l 2l 6 rl m q l
2y2 lrr1 l l
q K 9 1, . 2.7Ž .2 ž / ž /m q l m q l12l
Integrating by parts twice gives
Ž .lr mql y2 l r rK 1, u u duŽ .H
0
1y2 lrr1 l l
s K 1,ž / ž /1 y 2lrr m q l m q l
Ž .lr mql 1y2 l r ry K 9 1, u u duŽ .H
0
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1y2 lrr1 l l
s K 1,ž / ž /1 y 2lrr m q l m q l
2y2 lrr1 l l
y K 9 1,ž / ž /1 y 2lrr 2 y 2lrr m q l m q lŽ . Ž .
lrmql 2y2 lr ry K 0 1, u u duŽ .H
0
1y2 lrr1 l l
) K 1,ž / ž /1 y 2lrr m q l m q l
2y2 lrr1 l l
y K 9 1, .ž / ž /1 y 2lrr 2 y 2lrr m q l m q lŽ . Ž .
Ž .From this and equality 2.7 , we obtain
c r , m , t , lŽ .
1y2 lrr1 1 1 l l
) y 1 q K 1,ž / ž / ž /1 y 2lrr 2l 3r m q l m q l
1 1
y y 21 y 2lrr 2 y 2lrr 12lŽ . Ž .
2y2 lrrl l
= K 9 1, . 2.8Ž .ž / ž /m q l m q l
Ž .  4Since 1r2 F l - 1r2 min p, q , that is, 1 F 2l - r, r s p, q, we have
1 1 2 r q 1 r 3r q 1Ž .
l G ) y s ,222 2 6 r q 6 r q 22 3r q 3r q 1Ž .
that is,
1 2 6 r
- q .
l r 3r q 1
This implies that
y11 2 1 1
y - q ,ž /l r 2 6 r
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so that
1 2 1 1 2l 1 1
y q s 1 y 1 q - 1.ž / ž / ž / ž /l r 2 6 r r 2l 3r
This implies that
1 1 1
y 1 q ) 0. 2.9Ž .ž /1 y 2lrr 2l 3r
Next note that 0 - 1rr - 1 and 2rr - 1rl F 2; these imply that
1 2 1 1
0 - y y - 4,ž / ž /l r l r
that is,
1 1
) .21 y 2lrr 2 y 2lrr 8lŽ . Ž .
Thus,
1 1 1 1 1
y ) y s . 2.10Ž .2 2 2 21 y 2lrr 2 y 2lrr 12l 8l 12l 24lŽ . Ž .
lŽ . Ž . Ž .By hypotheses, K 9 1, F 0. This and inequalities 2.8 ] 2.10 implym q l
that
c r , m , t , lŽ .
1y2 lrrl l 1 1 1
) K 1, y 1 q½ž / ž / ž /m q l m q l 1 y 2lrr 2l 3r
1 l
y K 9 1, 5ž /24l m q l m q lŽ .
s f r , m , t , l ) 0. 2.11Ž . Ž .
Ž . Ž . Ž . Ž .From 2.6 , 2.7 , and 2.11 , we obtain inequality 2.5 . The lemma is
proved.
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3. PROOFS
Proof of Theorem 1.1. By Holder’s inequality, we obtain¨
‘ ‘
K m q l, n q l a bŽ .Ý Ý m n
ms0 ns0
2 lrp q‘ ‘ m q l1rps a K m q l, n q lŽ .Ý Ý m ž /n q lms0 ns0
2 lrp qn q l1rq
= b K m q l, n q lŽ .n ž /m q l
1rp 1rq‘ ‘
p qF v q , m , t , l a v p , m , t , l b , 3.1Ž . Ž . Ž .Ý Ým m½ 5 ½ 5
ms0 ms0
where
‘
2 lrr y2 lrr
v r , m , t , l s m q l K m q l, n q l n q l ,Ž . Ž . Ž . Ž .Ý
ns0
r s p , q. 3.2Ž .
Ž . Ž .Thus, by 2.5 , we have 1.11 . Theorem 1.1 is proved.
Proof of Theorem 1.2. Define f by
y2 lrrf x s K m q l, x q l x q l .Ž . Ž . Ž .
Note that
y2 lrrf 9 x s K 9 m q l, x q l x q lŽ . Ž . Ž .
y2 lrry1y 2lrr x q l K m q l, x q l - 0Ž . Ž . Ž .
and
y2 lrrf 0 x s K 0 m q l, x q l x q lŽ . Ž . Ž .
y2 lrry1y 4lrr x q l K 9 m q l, x q lŽ . Ž . Ž .
y2 lrry2q 2lrr 2lrr q 1 x q l K m q l, x q l ) 0.Ž . Ž . Ž . Ž .
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Ž .Hence, f x is strictly convex. Therefore,
N
Nql
f m - f x dxŽ . Ž .Ý H
ylms0
Ž . Ž .Nq2 l r mql1y ty2 lrr y2 lr rs m q l K 1, u u du. 3.3Ž . Ž . Ž .H
0
In view of Holder’s inequality, we get¨
N N
K m q l, n q l a bŽ .Ý Ý m n
ms0 ns0
2 lrp qN N m q l1rps a K m q l, n q lŽ .Ý Ý m ž /n q lms0 ns0
2 lrp qn q l1rq
= b K m q l, n q lŽ .n ž /m q l
1rp 1rqN N
p qF v q , m , t , l a v p , m , t , l b , 3.4Ž . Ž . Ž .Ý Ým m½ 5 ½ 5
ms0 ms0
where
N
2 lrr y2 lrr
v r , m , t , l s m q l K m q l, n q l n q l . 3.5Ž . Ž . Ž . Ž . Ž .Ý
ns0
Ž .From this and inequality 3.3 , we have
1y t
v r , m , t , l - m q l I r , l y g r , l , 3.6 4Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž .where I r, l and g r, l are defined by 1.10 and 1.14 , respectively.
Ž . Ž . Ž .Thus, 3.4 and 3.6 imply that 1.13 holds. The proof is complete.
4. SOME APPLICATIONS
Ž .4.1. We take K x, y as
ytK x , y s x q y , t ) 1 y 2lrr ) 0; 4.1Ž . Ž . Ž .
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then
‘ yt y2 l r rI r , l s 1 q t u du s B 1 y 2lrr , t q 2lrr y 1 ,Ž . Ž . Ž .H
0
1y2 lrr tl mql 1 1 1
f r , m , t , l s y 1qŽ . ž / ž / ž /½mql mq2l 1y2lrr 2l 3r
tt m q lŽ .
q tq1 524l m q 2lŽ .
1y2 lrrl 1 1 1 1
) y 1 qtž / ž /m q l 1 y 2lrr 2l 3r2
s h r , m , t , l .Ž .
Thus, by Theorem 1.1, we get the following theorem:
1 1THEOREM 4.1. Let a , b ) 0, p ) 1, q s 1, t ) 1 y 2lrr ) 0. Ifn n p q
Ž .  41r2 F l - 1r2 min p, q , then
‘ ‘ a bm nÝ Ý tm q n q 2lŽ .ms0 ns0
‘
- B 1 y 2lrq, t q 2lrq y 1 y h q , m , t , lŽ . Ž .Ý½
ms0
1rp
1yt p= m q l aŽ . m 5
‘
= B 1 y 2lrp, t q 2lrp y 1Ž .Ý½
ms0
1rq
1yt qyh p , m , t , l m q l b 4.2Ž . Ž . Ž .m 5
 4  4unless the sequence a or b is null, wheren n
1y2 lrrl 1 1 1 1
h r , m , t , l s y 1 q ) 0.Ž . tž / ž /m q l 1 y 2lrr 2l 3r2
4.3Ž .
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In particular, when l s 1r2, t s 1, we obtain
‘ ‘ a bm nÝ Ý m q n q 1Ž .ms0 ns0
1rp
‘ p 1 1 4
p- y p q y aÝ m1rp½ 5ž /sin prp 3 p 32 2m q 1Ž .ms0
1rq
‘ p 1 1 4
q= y q q y b .Ý m1rq½ 5ž /sin prp 3q 32 2m q 1Ž .ms0
4.4Ž .
Ž .On the other hand, when p s q s 2, 4.4 reduces to the form
‘ ‘ a bm nÝ Ý m q n q 1Ž .ms0 ns0
1r2
‘ 5
2- p y aÝ m1r2ž /ž /12 2m q 1Ž .ms0
1r2
‘ 5
2= p y b . 4.5Ž .Ý m1r2ž /ž /12 2m q 1Ž .ms0
w xThis result is an impro¤ement of Gau and Yang ’s results 11, 12 .
If 0 - l - 1r2, then, by Theorem 1.2, we have
1 1THEOREM 4.2. Let a , b G 0, p ) 1, q s 1, l ) 0, t ) 1 y 2lrrn n p q
) 0; then
N N a bm nÝ Ý tm q n q 2lŽ .ms0 ns0
N
- B 1 y 2lrq , t q 2lrq y 1Ž .Ý
ms0
‘ 1rpyt 1yty2 lr q py 1 q u u du m q l aŽ . Ž . 4H m
Ž . Ž .Nq2 l r mql
N
= B 1 y 2lrp, t q 2lrp y 1Ž .Ý½
ms0
1rq
‘ yt 1yty2 l r p qy 1 q u u du m q l b , 4.6Ž . Ž . Ž .H m 5Ž . Ž .Nq2 l r mql
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‘ ‘ a bm nÝ Ý tm q n q 2lŽ .ms0 ns0
1rp
- B 1 y 2lrq, t q 2lrq y 1Ž .
1rq
= B 1 y 2lrp, t q 2lrp y 1Ž .
1rp 1rq‘ ‘
1y t 1ytp q= m q l a m q l b . 4.7Ž . Ž . Ž .Ý Ým m½ 5 ½ 5
ms0 ms0
Ž .In particular, when l s 1r2, inequality 4.7 reduces to the form
‘ ‘ a bm nÝ Ý tm q n q 1Ž .ms0 ns0
1rp 1rq
- B 1rp, t y 1rp B 1rq , t y 1rq 4  4Ž . Ž .
1rp 1rq‘ ‘
1y t 1ytp q= m q l a m q l b . 4.8Ž . Ž . Ž .Ý Ým m½ 5 ½ 5
ms0 ms0
Ž . Ž . Ž .When t s 1, inequality 4.8 reduces to 1.2 . When l s 1r2, t s 1, 4.6
reduces to the form
1r2N N a b 2 N q 2m n y1- 2 tanÝ Ý ž /m q n q 1 2m q 1Ž .ms0 ns0
1r2 1r2N N
2 2= a b . 4.9Ž .Ý Ým mž / ž /
ms0 ms0
y1ŽŽ . Ž ..1r2 Ž .Since 2 tan 2 N q 2 r 2m q 1 - p , 4.9 is an impro¤ement of Cas-
w xsel’s result 16 .
Ž .4.2. We next assume K x, y in the form
K x , y s 1r x t q y t .Ž . Ž .
Similar to the proof of Theorems 4.1 and 4.2, we have the following.
THEOREM 4.3. Under the same conditions as those of Theorem 4.1, we
ha¤e
‘ ‘ a bm nÝ Ý t tm q l q n q lŽ . Ž .ms0 ns0
1rp‘ p 1y t p- y H q , m , t , l m q l aŽ . Ž .Ý m½ 5t sin 1 y 2lrq prtŽ .ms0
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1rq‘ p 1y t q= y H p , m , t , l m q l bŽ . Ž .Ý m½ 5t sin 1 y 2lrp prtŽ .ms0
4.10Ž .
 4  4unless the sequence a or b is null, wheren n
1y2 lrrl 1 1 1 1
H r , m , t , l s y 1 q . 4.11Ž . Ž .ž / ž /ž /m q l 2 1 y 2lrr 2l 3r
THEOREM 4.4. Under the same conditions as those of Theorem 4.2, we
ha¤e
N N a bm nÝ Ý t tm q l q n q lŽ . Ž .ms0 ns0
N p
- Ý½ t sin 1 y 2lrq prtŽ .ms0
1rpy2 l r q
‘ u 1y t py du m q l aŽ .H mt 51 q uŽ . Ž .Nq2 l r mql
y2 lr pN ‘p u
= y duÝ H t½ t sin 1 y 2lrp prt 1 q uŽ . Ž . Ž .Nq2 l r mqlms0
1rq
1yt q= m q l b 4.12Ž . Ž .m 5
and
‘ ‘ a bm nÝ Ý t tm q l q n q lŽ . Ž .ms0 ns0
1rp 1rqp p
- ž / ž /t sin 1 y 2lrq prt t sin 1 y 2lrp prtŽ . Ž .
1rp 1rq‘ ‘
1y t 1ytp q= m q l a m q l b . 4.13Ž . Ž . Ž .Ý Ým m½ 5 ½ 5
ms0 ms0
Ž .4.3. We take K x, y in the form
ln yrxŽ .
K x , y s ;Ž .
y y x
then
‘
2ln u p
y2 l r rI r , l s u du s .Ž . H u y 1 sin 2plrrŽ .0
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We next use the mean value theorem; we have
ln a ln 1 y ln a 1Ž .
s s ) 1 for 0 - a - u - 1.
a y 1 1 y a 6
It follows that
l
ln ž /l m q l
K 1, s ) 1.ž / lm q l y 1ž /m q 1
Ž .From this and inequality 1.12 , we obtain the following result:
1y2 lrrl 1 1 1 1
f r , m , l , l ) y 1 qŽ . ž / ž /m q l 2 1 y 2lrr 2l 3r
s H r , m , l , l ) 0.Ž .
Thus, we get the following.
1 1THEOREM 4.5. Let a , b G 0, p ) 1, q s 1, l ) 0; thenn n p q
‘ ‘ ln n q l r m q l 4Ž . Ž .
a bÝ Ý m nn y mms0 ns0
1rp2‘ p
p- y H q , m , 1, l aŽ .Ý m½ 5sin 2plrqms0
1rq2‘ p
q= y H p , m , 1, l b . 4.14Ž . Ž .Ý m½ 5sin 2plrpms0
THEOREM 4.6. Under the same conditions as those of Theorem 4.5, we
ha¤e
N N ln n q l r m q l 4Ž . Ž .
a bÝ Ý m nn y mms0 ns0
1rp2N ‘p ln u
y2 lr q p- y u du aÝ H m½ 5sin 2plrq u y 1Ž . Ž .Nq2 l r mqlms0
1rq2N ‘p ln u
y2 lr p q= y u du b ,Ý H m½ 5sin 2plrp u y 1Ž . Ž .Nq2 l r mqlms0
4.15Ž .
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‘ ‘ ln n q l r m q l 4Ž . Ž .
a bÝ Ý m nn y mms0 ns0
1rp 1rq2 ‘ ‘p
p q- a b . 4.16Ž .Ý Ým m1rp 1rq ½ 5 ½ 5sin 2plrq sin 2plrpŽ . Ž . ms0 ms0
Ž .In particular, when l s 1r2, inequality 4.14 reduces to
‘ ‘ ln 2n q 1 r 2m q 1 4Ž . Ž .
a bÝ Ý m nn y mms0 ns0
1rp2‘ p 1
p- y G p , m aŽ .Ý m½ 5sin prp 4Ž .ms0
1rq2‘ p 1
q= y G q , m b , 4.17Ž . Ž .Ý m½ 5sin prp 4Ž .ms0
where
1 4
r q y
3r 3G r , m s , r s p , q. 4.18Ž . Ž .1rr2m q 1Ž .
Ž . w xThus, inequality 4.17 is an impro¤ement of 1, Theorem 342 .
Ž .4.4. Finally, we take K x, y as
1
K x , y s , 0 - 1 y 2lrr - t ;Ž . t tmax x , y 4
then
1
K 1, u s .Ž . t 4max 1, u
Ž .By 2.1 , we have
‘1 y2 l r r yty2 l r rI r , l s u du q u duŽ . H H
0 1
1 1
s y . 4.19Ž .
1 y 2lrr 1 y t y 2lrrŽ . Ž .
Ž . Ž .Thus, integral 1.10 in Theorem 1.1 is replaced by 4.19 ; we get the
corresponding results. For example, since for t s 1, l s 1r2, inequality
Ž .4.19 implies that
I p , 1r2 s q q p s pq, 4.20Ž . Ž .
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Ž . Ž .then, by 4.20 and 1.11 , we obtain
‘ ‘ a bm nÝ Ý  4max m , nms0 ns0
1rq‘ ‘
1rpp q- pq y G p , m a pq y G q , m b ,4Ž . Ž .Ý Ým m½ 5
ms0 ms0
4.21Ž .
Ž . Ž .when G r, m is defined by 4.18 .
Ž . w xEvidently, inequality 4.21 is an improvement of 1, Theorem 3.4 .
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